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�â àè¨¥ «¨£¨

1. �á«¨ ç¨á«¨â¥«ì ¨ §­ ¬¥­ â¥«ì ¤à®¡¨ a

b
, £¤¥ a ¨ b | ­ âãà «ì­ë¥ ç¨á« , ã¢¥«¨ç¨âì ­  1, â®

¤à®¡ì ã¢¥«¨ç¨âáï ­  1
20

. � ¥á«¨ á¤¥« âì â ª ¥é¥ à § á ¯®«ãç¥­­®© ¤à®¡ìî, â® ¯®«ãç¨âáï ¤à®¡ì,

ª®â®à ï ¡®«ìè¥ ¯¥à¢®­ ç «ì­®© ­  1
12

. � ©¤¨â¥ §­ ç¥­¨¥ a

b
.

2. � ©¤¨â¥ ¬­®¦¥áâ¢® §­ ç¥­¨©, ª®â®àë¥ ¬®¦¥â ¯à¨­¨¬ âì áà¥¤­¨© ¯® ¢¥«¨ç¨­¥ ã£®« ¢ë¯ãª«®£®
¯ïâ¨ã£®«ì­¨ª .

3. � ­ âà¥ã£®«ì­¨ª ABC. � á â¥«ì­ ï ª ®¯¨á ­­®© ¢®ªàã£ ­¥£® ®ªàã¦­®áâ¨, ¯à®¢¥¤¥­­ ï ¢
â®çª¥ A, ¯¥à¥á¥ª ¥â ¯àï¬ãî BC ¢ â®çª¥ P . �®çª¨ Q ¨ R á¨¬¬¥âà¨ç­ë â®çª¥ P ®â­®á¨â¥«ì­®
¯àï¬ëå AB ¨ AC. �®ª ¦¨â¥, çâ® QR ⊥ BC.

4. � ­ë ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  a ¨ b, «¥¦ é¨¥ ¢ ®âà¥§ª¥ [0, 1]. �®ª ¦¨â¥ ­¥à ¢¥­áâ¢®
√

a3b3 +
√

(1− a2)(1− ab)(1− b2) ≤ 1.

5. � ª« áá¥ ãç âáï n ãç¥­¨ª®¢. � ¦¤ë© ¤¥­ì ¤¢®¥ ¨§ ­¨å ¤¥¦ãàïâ. �à¥¡ã¥âáï á®áâ ¢¨âì £à -
ä¨ª ¤¥¦ãàáâ¢ ­  ­¥ª®â®àë© ¯¥à¨®¤ ¢à¥¬¥­¨ â ª, çâ®¡ë ¤«ï ª ¦¤ëå ¤¢ãå ãç¥­¨ª®¢ ­ èñ«áï
¤¥­ì, ª®£¤  ®¤¨­ ¨§ ­¨å ¤¥¦ãà¨â,   ¤àã£®© ­¥â. � ª®¥ ­ ¨¬¥­ìè¥¥ ª®«¨ç¥áâ¢® ¤­¥© ¬®¦¥â
®å¢ âë¢ âì â ª®© £à ä¨ª?

6. � ­ë ¤¢¥ ¯¥à¯¥­¤¨ªã«ïà­ë¥ áªà¥é¨¢ îé¨¥áï ¯àï¬ë¥ a ¨ b. �­¨ ¯¥à¥á¥ª îâ âà¨ ¤ ­­ë¥ à §-
«¨ç­ë¥ ¯ à ««¥«ì­ë¥ ¯«®áª®áâ¨ á®®â¢¥âáâ¢¥­­® ¢ â®çª å A1 ¨ B1, A2 ¨ B2, A3 ¨ B3. �®ª ¦¨â¥,
çâ® âà¨ áä¥àë, ¯®áâà®¥­­ë¥ ­  ®âà¥§ª å A1B1, A2B2, A3B3 ª ª ­  ¤¨ ¬¥âà å, ¯¥à¥á¥ª îâáï
¯® ®¤­®© ®ªàã¦­®áâ¨.

7. �ãáâì P (x) { ¬­®£®ç«¥­ á æ¥«ë¬¨ ª®íää¨æ¨¥­â ¬¨ â ª®©, çâ® ¤«ï ª ¦¤®£® ­ âãà «ì­®£® n
ç¨á«® P (P (n)) ¯à¨ ¤¥«¥­¨¨ ­  n ¤ ñâ ®áâ â®ª n − 1. �®ª ¦¨â¥, çâ® ã ¬­®£®ç«¥­  P (x) ­¥â
æ¥«ëå ª®à­¥©.

8. � ­® ­ âãà «ì­®¥ ç¨á«® d ≥ 2 ¨ ª®­¥ç­ ï á¨áâ¥¬  ®âà¥§ª®¢ ­  ¯àï¬®©. �§¢¥áâ­®, çâ® ¨§ «î¡ëå
2d − 2 ®âà¥§ª®¢ íâ®© á¨áâ¥¬ë ¬®¦­® ¢ë¡à âì d ®âà¥§ª®¢, ¨¬¥îé¨å ®¡éãî â®çªã. �®ª ¦¨â¥,
çâ® ¨§ ¤ ­­®© á¨áâ¥¬ë ®âà¥§ª®¢ ¬®¦­® ¢ë¡à®á¨âì d−2 ®âà¥§ª®¢ â ª, çâ®¡ë ®áâ ¢è¨¥áï ®âà¥§ª¨
¨¬¥«¨ ®¡éãî â®çªã.


